Let Γ ⊂ Q * be a finitely generated subgroup and let p be a prime such that the reduction group Γp is a well defined subgroup of the multiplicative group F * p . We prove an asymptotic formula for the average of the number of primes p ≤ x for which the index [F * p : Γp] = m. The average is performed over all finitely generated subgroups Γ = a1, . . . , ar ⊂ Q * , with ai ∈ Z and ai ≤ Ti with a range of uniformity: Ti > exp(4(log x log log x) 1 2 ) for every i = 1, . . . , r. We also prove an asymptotic formula for the mean square of the error terms in the asymptotic formula with a similar range of uniformity. The case of rank 1 and m = 1 corresponds to the classical Artin conjecture for primitive roots and has already been considered by Stephens in 1969.
Introduction
Artin's conjecture for primitive roots (1927) states that for any integer a = 0, ±1 which is not a perfect square there exist infinitely many prime numbers p for which a is a primitive root modulo p. In particular, Artin conjectured that the number of primes not exceeding x for which a is a primitive root, N a (x), asymptotically satisfies
where Li(x) is the logarithmic integral and the positive constant A(a) depends on the integer a. A breakthrough in this area has been achieved by Hooley's paper [3] in which Artin's conjecture has been proved under the assumption of the Generalized Riemann Hypothesis (GRH) for the Dedekind zeta function over the Kummer extensions Q(a 1/k , ζ k ) for any positive square-free integer k. Several generalizations of the original Artin's conjecture have been studied by many authors during the following years (for an exhaustive survey see [5] ).
In the case of rank r = 1, a first study of the average behavior of N a (x) was proposed by Stephens [9] in 1969. He proved that, if T > exp(4(log x log log x) 1/2 ), then
where A = p (1 − 1 p(p−1) ) is the Artin's constant and D is an arbitrary constant greater than 1. Moreover, if T > exp(6(log x log log x) 1/2 ), then Stephens also proved that
(log x) E , for any constant E > 1. If we set, for any a ∈ N \ {0, ±1} and m ∈ N, N a,m (x) to be the number of primes p, p ≡ 1 (mod m), up to x such that a generates the m-powers modulo p (i.e. the index [F * p : a (mod p) ] = m), then for T > exp(4(log x log log x) 1/2 ) Moree [6] showed that 1 T a≤T N a,m (x) = p≤x p≡1 (mod m)
for any constant E > 1.
In the present work, we will discuss the average version of the r-rank Artin quasi primitive root conjecture. Let Γ ⊂ Q * be a multiplicative subgroup of finite rank r. For almost all primes p, namely those primes that p such that for all g ∈ Γ, the p-adic valuation v p (g) = 0, one can consider the reduction group
which is a well defined subgroup of the multiplicative group F * p . We denote by N m Γ (x) the number of such primes with #Γ p = p−1 m . It was proven by Cangelmi, Pappalardi and Susa in [7] , [1] and [8] , assuming the GRH for Q(
where δ m Γ is a rational multiple of
.
Here we restrict ourselves to studying subgroups Γ = a 1 , · · · , a r , with a i ∈ Z for all i = 1, . . . , r, and prove the following:
where C r,m = n≥1 µ(n) (nm) r ϕ(nm) and M > 1 is arbitrarily large. Furthermore, if T * > exp(6(log x log log x)
The proof of Theorem 1 (see equation (5) and Lemma 2) will lead as a side product to the asymptotic identity, for T i > exp(4(log x log log x) 
where J r (n) = n r ℓ|n (1 − 1/ℓ r ) is the so called Jordan's totient function. This provides a natural generalization of Moree's result in [6] .
Notations and conventions
In order to simplify the formulas, we introduce the following notations. Underlined letters stand for general r-tuples defined within some set, e.g. a = (a 1 , . . . , a r ) ∈ (F * p ) r or T = (T 1 , . . . , T r ) ∈ (R >0 ) r ; moreover, given two r-tuples, a and n, their scalar product is a · n = a 1 n 1 + · · · + a r n r . The null vector is 0 = {0, . . . , 0}. Similarly, χ = (χ 1 , . . . , χ r ) is a r-tuple of Dirichlet characters and, given a ∈ Z r , we denote the product χ(a) = χ 1 (a 1 ) · · · χ r (a r ) ∈ C. In addition, (q, a) := (q, a 1 , . . . , a r ) = gcd(q, a 1 , . . . , a r ); otherwise, to avoid possible misinterpretations, we will write explicitly gcd(n 1 , . . . , n r ) instead of (n).
Given any r-tuple a ∈ Z r , we indicate with a p := Γ p , where Γ = a 1 , . . . , a r , the reduction modulo p of the subgroup a = a 1 , . . . , a r ⊂ Q.
In the whole paper, ℓ and p will always indicate prime numbers. Given a finite field F p , then F * p = F p \ {0} and F * p will denote its relative dual group (or character group). Finally, given an integer a, v p (a) is its p-adic valuation.
Lemmata
Let q > 1 be an integer and let n ∈ Z r . We define the multiple Ramanujan sum as
It is well known (see [2, Theorem 272] ) that, given any integer n,
In the following Lemma, we generalize it.
From the above statement we deduce the following: Corollary 1. Let p be an odd prime, let m ∈ N be a divisor of p − 1. If χ = (χ 1 , . . . , χ r ) is a r-tuple of Dirichlet characters modulo p and we set
,...,
Proof of Lemma 1. Let us start by considering the case when q = ℓ is prime. Then
Next we consider the case when q = ℓ k with k ≥ 2 and ℓ prime. We need to show that
If we apply (2), we obtain
. Now, for k ≥ 2, let us distinguish the two cases:
In the fist case we can assume, without loss of generality that
In the second case, we go back to the definition of c q (n), and we have,
So, the formula holds for the case q = ℓ k . We also claim that if q ′ , q ′′ ∈ N are such that gcd(q ′ , q ′′ ) = 1, then
This amount in saying that the multiple Ramanujan sum is multiplicative in q. Indeed
and the result follows from the remark that, since gcd(q ′ , q ′′ ) = 1,
• for all j = 1, . . . r, as a j runs through a complete set of residues modulo q ′ and as b j runs through a complete set of residues modulo q ′′ , q ′′ a j + q ′ b j runs through a complete set of residues modulo q ′ q ′′ .
• for all a ∈ (Z/q ′ Z) r and for all b ∈ (Z/q ′′ Z) r , gcd(q ′ , a) = 1 and gcd(q
The proof of the Lemma now follows from the multiplicativity of µ and of J r .
Proof
if we write α j = g aj for j = 1, . . . , r, then
Therefore, naming t = p−1 m , we have
By definition we have that ord(χ j ) = (p − 1)/ gcd(n j , p − 1), so
and this concludes the proof.
For a fixed rank r, define R p (m) := #{a ∈ (Z/(p − 1)Z) r : (a, p − 1) = m}. Then using well-known properties of the Möbius function, we can write
where
we have the following Lemma.
where M is an arbitrary constant greater than 1 and C r,m = n≥1 µ(n) (nm) r ϕ(nm) .
Proof. We choose an arbitrary positive constant B, and for every co-prime integers a and b, we denote π(x; a, b) = #{p ≤ x : p ≡ a(mod b)}, then
The sum in the error term is
For the main term we apply the Siegel-Walfisz Theorem [10] , which states that for every arbitrary positive constants B and C, if a ≤ (log x) B , then
So, if we restrict m ≤ (log x)
D for any positive constant D,
where we have used the elementary inequality ϕ(mn) ≥ ϕ(m)ϕ(n). By Mertens' formula
proving the lemma for a suitable choice of D, B and C. Lemma 3. Let τ be the divisor function and m ∈ N. For x sufficiently large, x > m, we have the following inequality:
Proof. Let us write p − 1 = mkj so that kj ≤ (x − 1)/m and let us set Q = x−1 m and distinguish the three cases
So we have the identity Using the Montgomery-Vaughan version of the Brun-Titchmarsh Theorem:
for m ≤ (log x) D with D arbitrary positive constant, then we obtain
Now substitute the elementary inequality ϕ(km) ≥ mϕ(k) and use a result of Montgomery [4] 
which in particular implies that for Q large enough
Lemma 4. Let p be an odd prime number and let
Proof. From equation (4), we have
, thus naming t = p−1 m and u = gcd (t, n 1 ) we get
We follow the method of Stephens [9] . By exchanging the order of summation we obtain that It is easy to show that, given a r-tuple χ of characters mod p, then
so we have
Let χ 0 = (χ 0 , . . . , χ 0 ) be the r-tuple consisting of all principal characters, then
Denoting |T | := r i=1 T i and using (5), we can write the main term as
Since m ≤ (log x) D , D > 0, and T * > exp(4(log x log log x) 1/2 ), we can apply Lemma 2:
then using Holder's inequality
If g is a primitive root modulo p, then for every j = 1, . . . , r we write again χ j (g) = e 2πinj /(p−1) for a certain n j ∈ Z/(p − 1)Z, by equation (4) so that
Thus, using Lemma 1 and indicating again t = (p − 1)/m,
{d m (χ)} and using Lemmas 4 and 3, in equation (8) we have
To estimate the other term in (8) we use Lemma 5 in [9] :
So, for every positive constant M > 1, we find
where now
If we write p,q≤x p,q≡1 (mod m)
Focusing on H 2 and supposing χ 1 = χ 0 = χ 2 , then
. . .
The quantity
can be estimated as before through Holder's inequality combined with the large sieve inequality to get U 2 ≪ x/(log x) M with M > 1, while Lemma 3 gives the following upper bound:
So, for every constant M ′ > 2,
Finally, we notice that for χ 1 ∈ F * p \ {χ p 0 } and χ 2 ∈ F * q \ {χ q 0 }, with p = q, then χ 1 χ 2 is a primitive character modulo pq. Consequently, given
. . . 0<ar≤Tr χ 1 (a)χ 2 (a) , once again we can apply Holder's inequality and the large sieve (Lemma 5 in [9] ) to obtain an upper bound for H 3 . First, notice that since the r-tuple of characters, χ 1 and χ 2 , appearing in H 3 are both non-principal and indicating with χ 1,i the i-th component of the r-tuple χ 1 of Dirichlet characters to the modulus p (similarly for χ 2,i ), the estimate for H 3 comes from a diagonal part H Corollary 2. For any ǫ > 0, let H := {a ∈ Z r : 0 < a i ≤ T i , i ∈ {1, . . . , r}, |N a,m (x) − C r,m Li(x)| > ǫ Li(x)}; then, supposing T i > exp(6(log x log log x) 1/2 ) for every i = 1, . . . , r, we have #H ≤ K|T |/ǫ 2 (log x) F , for every positive constant F .
Proof. See [9] (Corollary, page 187).
